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ABSTRACT

The efficient constructionof simplified modelsis a centralprob-
lem in thefield of visualization. We combinetopologicalandge-
ometric methodsto constructa multi-resolutiondatastructurefor
functionsover two-dimensionatlomains.Startingwith the Morse-
Smalecomple we build a hierarchyby progressiely canceling
critical pointsin pairs. The datastructuresupportsmeshtraversal
operationssimilar to traditionalmulti-resolutionrepresentations.

Keywords: Critical point theory Morse-Smalecomplees, ter-
rains,simplification,multi-resolutiondatastructure.

1 INTRODUCTION

This paperdescribesa multi-resolutiondatastructurerepresenting
acontinuoudunctionover atwo-dimensionatiomain.An example
of suchdatais aterrainover a pieceof the planeor over a sphere
(e.g.the Earth). Thedistinguishingfeatureof this datastructureis
the fusion of topologicaland geometricmeasurementdriving its
construction.

Motiv ation ~ Scientific datatypically consistsof measurements
over ageometriadomainor space We think of it asadiscretesam-
ple of a continuousfunction over the space.In this paperwe are
interestedn the casein which the spaceis a compact2-manifold.
Examplesarethe sphereandthe torus,andeitheroneof themcan
be obtainedby compactifyinga simply connectedpenregion of
theplane.

A multi-resolutionrepresentatioris crucial in the efficient and
preferablyinteractie explorationof scientificdata. Thetraditional
approacho constructingsucha representatiois basecn progres-
sive datasimplificationdriven by a numericalmeasuremerf the
error. Alternatively, we may drive the simplification processwith
measurementsf thetopologicalfeaturesn thedata.Wereferto the
formerasthe geometric andthe latter asthe topological approach
to multi-resolutionrepresentationsThe latter approachis appro-
priateif the topologicalfeaturesandtheir spatialrelationshipsare
essentiato understandhe phenomenanderinvestigation.An ex-
ampleis waterflow over aterrain,which is influencedby possibly
subtleslopes.Smallbut critical changesn thelandscapenayresult
in catastrophichangesn waterflow andaccumulationThereare
applicationsbeyond the analysisof measurediata. For example,
we mayartificially createa continuousunctionoverasurface(e.g.
describinga carbody)andusethatfunctionto guidethe segmenta-
tion of the surfaceinto patches.

Related work The topological analysisof scientific data has
beena long standingresearchocus. Morsetheoryrelatedmeth-
odswerealreadydevelopedin thelate 19th century[Cayley 1859;
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Maxwell 1870] and later even hierarchicalrepresentationsvere
proposed[Pfaltz 1976; Pfaltz 1979]. However, most of this re-
searchwaslostandhasbeernrediscoeredonly recently Mostmod-
ernresearchin the areaof multi-resolutionstructuress geometry
andmary techniquesave beendevelopedduring the lastdecade.
The mostsuccessfullgorithmsdevelopedin thateraarebasedon
edgecontractionasthe fundamentakimplifying operationHoppe
1996;Popwic andHoppel997]andaccumulatedquaredistances
to plane constraintsas the error measurgGarland and Heckbert
1997; Lindstrom and Turk 1998]. This work focussedon trian-
gulatedsurfacesembeddedn three-dimensionatuclideanspace,
which we denoteasR®. We find a similar focusin the successie
attemptgo includethe capabilityto changethe topologicaltype of
the surface[El-SanaandVarshng 1998;He etal. 1996]. If we in-
terpretthe surfaceasthe zero-sebf a continuousunction over R®
we may interpretsuchoperationsassmoothingor simplifying this
function. This point of view is takenin asequencef recentpapers
onthetopic [GerstnerandPajarola2000; Guslov andWood 2001;
Juetal. 2002],but the simplificationis limited to asmallneighbo#
hoodof the zeroset. In this paperwe widen the focusto the sim-
plification of the entire function, which is equivalentto removing
spuriougtopologicalfeaturedrom all level setssimultaneouslyTo
obtaina mathematicaformulationof this processyve interpretthe
critical pointsof thefunctionastheculpritsresponsibldor topolog-
ical featureghatappeaiin the level sets[Bajaj andSchikore 1998;
Fomenlo andKunii 1997]. While sweepinghroughthe level sets
we seethat critical pointsindeedstartand end suchfeatures,and
we may usethelengthof theinterval over which afeatureexistsas
ameasuref its importancgEdelsbrunneetal. 2002]. We referto
this measureasthe persistence of the two critical pointsdelimiting
theintenal. In this view, the Morse-Smaleomplec of thefunction
domainoccupiesa centralposition. Its constructiomandsimplifica-
tionis studiedfor 2-manifoldsin [Edelsbrunneetal. 2002]andfor
3-manifoldsin [Edelsbrunneetal. 2003].

Results In this paperwe follow the approachtaken in [Edels-
brunneretal. 2002],with somecrucial differencesandextensions.
Given a piecavise linear continuousfunction over a triangulated
2-manifold,we

1. constructa decompositiorof the 2-manifoldinto monotonic
guadrangularegionsby connectingeritical pointswith lines
of steepestiescent;

2. simplify thedecompositiorby performinga sequencef can-
cellationsorderedby persistenceand

3. turn the simplification processinto a hierarchical multi-
resolutiondatastructurewhoselevels correspondo simpli-
fied versionsof thefunction.

The first two stepshave beendiscussedn [Edelsbrunneret al.
2002], but the third stepis nev. Neverthelesswe have original
contritutionsin all three stepsandin the applicationof the data
structureto concretescientificproblems.Thesecontrikutionsare



(i) amodificationof the algorithmof [Edelsbrunneetal. 2002]
that constructghe Morse-Smalecomplex without the useof
handleslides;

(ii) thesimplificationof thecomple by simultaneougpplication
of independentancellations;

(iif) a numericalalgorithmto constructgeometricrealizationsof
themonotonicpatchesn thegraphof the simplified function;

(iv) alow depthmulti-resolutiondatastructurecombiningthesim-
plified versionsof thefunctioninto a singlehierarchy;

(v) analgorithmfor traversingthe datastructurethat combines
differentlevels of the hierarchyto constructadaptve simpli-
ficationsof thefunction;and

(vi) theapplicationof our softwareto variousscientificdatasets
andthevisualizationof theresults.

Thehallmarkof ourmethodis thefusionof thegeometriandtopo-
logical approacheso multi-resolutionrepresentationsThe entire
processis controlledby topological considerationsand the geo-
metric methodis usedto realizemonotonicpathsandpatchesThe
latter playsa crucialbut sub-ordinateole in the overall algorithm.

2 BACKGROUND

We designessentiallycombinatoriallgorithmsbasedn intuitions
provided by investigationsof smoothmaps.In this section,we de-
scribethe necessarpackgroundfirstin Morsetheory[Matsumoto
2002]andsecondn combinatoriatopology[Alx eandre 1998].

Morse functions.  Throughouthis paperM denotescompact
2-manifoldwithoutboundaryandf : M — R denotesireal-\alued
smoothfunctionover M. Assuminga local coordinatesystemat a
pointa € M, we take two partial derivatives, 52— (a) and 5 (a).
Thepointa is critical if bothpartialderivativesarezeroandregular
otherwise.Examplesof critical pointsaremaxima(f decreasem
all directions),minima (f increasesn all directions),andsaddles
(f switchesbetweendecreasingndincreasingfour timesaround
thepoint).

Usingagainthelocal coordinatesta, we computethe Hessian,

which is the matrix of secondpartial derivatives %ﬁ—j(a), for
1 < 4,5 < 2. A critical point is non-degenerate if the Hessian
is non-singularwhich is a propertythatis independenof the co-
ordinatesystem. According to the Morse Lemma, it is possible
to constructa local coordinatesystemsuchthat f takesthe form
f(z1, x2) = f(a) * 23 +x3 in aneighborhoof anon-dgenerate
critical point. The numberof minussignsis theindex of a anddis-
tinguisheghe differenttypesof critical points: minima have index
0, saddleshave index 1, andmaximahave index 2. Technically f
is a Morse function if all its critical pointsarenon-dgenerateand
have pairwisedifferentfunctionvalues.Much of thetechnicalchal-
lengein ourwork is rootedin the needto simulatetheseconditions
for functionsthatdo not satisfythemin aliteral sense.

Morse-Smale comple xes. Assuminganorthonormalocalco-
ordinate system, the gradient at a point a of the manifold is
Vf(a) = [$L£(a), FL(a)]". Thesetof gradientformsasmooth
vectorfield on M, with zeroesat the critical pointsof f. At ary
regular point we have a non-zerogradientvector andif we fol-
low thatvectorwe traceout anintegral line, which startsat a criti-
cal pointandendsat a critical point while not containingeitherof
them. Sinceintegral linesascendnonotonically the two endpoints
cannotbethesame.Becausef is smooth two integral linesareei-
therdisjoint or the same.The setof integral lines coversthe entire
manifold,exceptfor the critical points.

Thedescending manifold of acritical pointa is the setof points
thatflow toward a. More formally, it is the pointa unionall inte-
grallinesthatendata. For example,the descendingnanifold of a
maximumis anopendisk, thatof a saddleis an openinterval, and
thatof a minimumis the minimum itself. The collectionof stable
manifoldsis a comple, in the sensethatthe boundaryof a cell is
theunionof lower-dimensionatells. Symmetrically we definethe
ascending manifold of @ asthe pointa unionall integral linesthat
startata.

For the next definition, we needan additionalnon-dgenerag
condition,namelythatif ascendinganddescendingnanifoldsin-
tersecthenthey dothattrans\ersally For example,if anascending
1-manifoldintersectsa descendind.-manifoldthenthey cross.Be-
causeof the disjointnesof integral lines, this impliesthe crossing
is a single point, namelythe saddlecommonto both. Assuming
this trans\ersality property we overlay the two complexesandob-
tain whatwe call the Morse-Smale complex, or MS comple, of f.
Its cellsaretheconnectedcomponent®f theintersectionbetween
ascendingnddescendingnanifolds.lts verticesarethe verticesof
the two overlayedcompleces, which are the minima and maxima
of f, togethemwith thecrossingpointsof ascendinginddescending
1-manifolds,which arethe saddlesof f. Eachl-manifoldis split
at its saddle thuscontrituting two arcsto the Morse-Smalecom-
plex. Eachsaddleis endpointof four arcs,which alternatelyascend
anddescendaroundthe saddle.Finally, eachregion hasfour sides,
namelytwo arcsemanatindrom aminimumandendingattwo sad-
dlesandto additionalarcscontinuingfrom thesaddleso acommon
maximum.

Piecewise linear functions.  Functionsareabundantin scien-
tific problems,but they arerarely smoothand mostly knowvn only
at a finite setof pointsspreadout over the manifold. It is conve-
nientto assumethe function is pairwisedifferent at thesepoints.
We assumehe points arethe verticesof a triangulation K of M,
andwe extendthefunctionvaluesby pieceviselinearinterpolation
overtheedgesandtrianglesof K. Thestar St u of avertex  con-
sistsof all simplices(vertices,edgesandtriangles)thatcontainu,
andthelink Lk («) consistof all facesof simplicesin the starthat
aredisjointfrom u. SinceK triangulatesa 2-manifold,thelink of
everyvertex is atopologicalcircle. Thelower star containsall sim-
plicesin thestarfor whichu is thehighestvertex, andthelower link
containsall simplicesin thelink whoseendpointsarelower thanw.
Notethatthelowerlink is thesubsebf simplicesin thelink thatare
facesof simplicesin thelower star Topologically thelowerlink is
asubsebf acircle. We definewhatwe meanby acritical pointof a
piecavise linearfunctionbasedon thelower link. As illustratedin
Figurel, thelower link of a maximum s theentirelink andthat of
aminimumis empty In all othercasesthelower link of  consists
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minimum regular point saddle maximum splitting of 2—fold saddle

Figurel: Theclassificatiorof avertex basedn therelative height
of theverticesin its link. Thelowerlink is markedblack.

of k + 1 > 1 connectedpieces,eachbeingan arc or possiblya
singlevertex. Thevertex u is regular if £ = 0 anda k-fold saddle
if & > 1. As illustratedin Figurel for k = 2, a k-fold saddlecan
besplitinto & simpleor 1-fold saddles.

Persistence  We needa numericalmeasureof the importance
of a critical point thatdrivesthe simplificationof anMS complex.



Following the ideasdescribedn [Edelsbrunneset al. 2002] criti-
cal pointscanonly be removed in pairs (they canceleachother).
The persistence of a cancellationis definedasthe absolutediffer-
encein functionvaluebetweerthetwo critical pointsinvolved. The
persistencés alsodirectly relatedto the geometricakrror (errorin
functionspacegswill beexplainedin Section5.

3 MORSE-SMALE COMPLEX

We introducean algorithmfor computingthe MS complex of the

function f definedover thetriangulationk. In particular we com-

pute the ascending/descendinmanifolds (paths) of f starting

from the saddles,and usethemto partition K into quadrangular
regions.

Construction of 1-manifolds Startingfrom eachsaddle,we
constructtwo lines of steepesascentandtwo lines of steepestle-
scent. We do not adoptthe original algorithmproposedn [Edels-
brunneret al. 2001] andchooseto the follow actuallines of max-
imal slopeinsteadof following the edgesof K. In particular we
split trianglesto createnew edgesn the directionof the maximal
gradient.

Additionally, we avoid degeneratecaseswherethe interior of
a MS quadrilaterals not connected.This may happerneven when
following steepesascent/descefihesbecausgf is notsmoothand
integral lines canmemge. Figure 2(a) shavs one suchcase where
pathsmemge at junctions and split the interior of a MS quadrilat-
eralinto two regions. To addresghis problemwe allow a pair of
pathsto join only if they are both ascendingor descending.Fig-
ure2(b) shavs how this stratey avoidssplitting MS quadrilaterals.
If two pathsarenot allowedto meige we split a triangle suchthat
the structureof the MS comple is presered but locally we avoid
thejunction.

— stable 1-manifolds---- unstable 1-manifo

@ saddle © minimum ©® maximum

(a) (b)

Figure 2: MS complex of a piecavise linear function. Sincethe
gradientis not continuousascendingand descendindl-manifolds
cansharesggments. (a) Complex with no restrictionson sharing
segments. The vertically marked region touchesonly one saddle,
thehorizontallymarked oneis split into two component®nly con-
nectedby a 1-manifold. (b) Only 1-manifoldsof the sametype can
sharesggments. All regionsconsistof a single connecteccompo-
nentandtouchbothsaddles.

After all pathshave beencomputedwe partition K into quad-
rangularregionsforming the cells of the MS comple. Eachquad-
rangleis extractedfrom K with a simpleregion-graving stratey
thatstartsfrom atriangleincidentto a saddleandnever crossesry
1-manifold.

Diagonals and diamonds The central elementof our data
structurefor the MS comple is a (simple)saddleor, equivalently
the halvesof the at mostfour quadrangleshat sharethe saddleas
one of their vertices. To be more specificaboutthe halvesrecall
that in the smoothcategory eachquadrangleconsistsof integral
linesthatgo from its minimumto its maximum. Any oneof these
integrallinescanbechoserasdiagonal to decompos¢hequadran-
gleinto two triangles.Thetrianglessharinga givensaddleform the

diamond centeredht the saddle.As illustratedin Figure6(a),each
diamondis a quadranglavhoseverticesalternatebetweerminima
andmaximaaroundtheboundary Thisincludesthe possibilitythat
two verticesarethe sameandtheboundaryof thediamondis glued
to itself alongtwo consecutie diagonals.

Robustness  We are carefulin defining robust algorithmsthat
alway produceconsistentesults.Especiallyin degenerateegions,
whereseveralverticesmayhavethesamefunctionvalue thegreedy
choicesof local steepesascent/descemay notwork consistently
For example,a 1-manifold can be leadinto a “dead end” or can
forceendlesssplitting of theedgedn thetriangulation.We address
this problemusinga techniquebasedon the simulation of simplic-
ity [EdelsbrunneandMicke 1990]. We mark eachedgeof K in
the directionof ascendindunctionvalue. Vertex indicesareused
to breaktieson flat edgessuchthattheresultingdirectedgraphhas
no cycles. Now, the verticesof K canbe treatedasif they were
in generalposition. The searchfor the steepespathis therefore
transformedto a weighted-graptsearch. When searchingfor an
ascendingpathonly ascendingedgesor triangleswith at leastone
ascendingdgeare considered.The functionvaluesareonly used
aspreferencesvhenthey agreewith the edgelabels. In this way,
our algorithmbecomesstableeven for highly degeneratalatasets
astheoneshawn in Figure3.

€Y (b)
Figure3: MS comple of degeneratedataset. The “volcano”is
createdby asin() functionthatis flat bothinsidethe“crater” andat
thefoot of themountain.(a) Originally computedVS comple. A
largenumberof critical pointsis createdby eliminatingflat regions
usingsimulationof simplicity. (b) Thesamecomplex afterremoval
of “topologicalnoise’

We computethe descendingpathsstartingfrom the highestsad-
dle andthe ascendingpathsstartingfrom the lowestsaddle.Thus,
if two pathsaim for the sameextremum the onewith higherpersis-
tence(our measuref importance)s computedirst. Theboundary
of the datasetis artificially taggedasa path. The completealgo-
rithm is shawvn in Figure4.

4 HIERARCHY

Themainobjective in this paperis the designof a hierarchicadata
structurethat supportsadaptie coarseningand refinementof the
data. In this section,we first describesucha datastructureand
secondshav how to useit.

Cancellations  Weuseonly oneatomicoperatiorto simplify the
MS comple of a function, namelya cancellation that eliminates
two critical points. The inverseoperationthat creategwo critical
pointsis referredto asananti-cancellation. In orderto canceltwo
critical pointsthey needto be adjacentin the MS comple. This
leavesonly two possiblecombinationsaminimumanda saddleor



T ={F,E,V}; [lTriangulationFacesEdges\V ertices
M={};P={};C={}; /lquasiMScompl, Paths,Cells
initializeArrows(T’);  //Initializing simulationof simplicity
S = findSaddlesl);
S = splitMultiSaddlesT);
sortByHeight{);
for (sin S ascendingrder)
computeAscending®h(P);
for (sin S descendingrder)
computeDescendingh(P);
while (f in F nottouched){
growRegion(f,p0,p1,p2,p3)/pi boundingpaths
createMorseCell(C,p0,p1,p2,3);
M = connectMorseCell§}) //M containsthefinal MS comple

Figure4: Algorithm usedto createanMS complex.
a saddleanda maximum. The two configurationsare symmetric,

sowe canlimit oursehesto discussingo thesecondcasewhichis
illustratedin Figure5. Let u bethe saddleandwv the maximumof

Figure5: A portionof thegraphof afunctionbefore(left) andafter
(right) cancelinga maximumanda saddle.

the canceledair andlet w bethe othermaximumconnectedo .

We requirew # v and f(w) > f(v) or elseprohibitthe cancella-
tion of v andv. We view the cancellatiorasmemging threecritical

pointsinto one,namelyu, v, w into w. Thefour pathsendingat u

areremoved andthe remainingpathsendingat v are extendedto

w. Thereasorfor requiring f(w) > f(v) shouldbeclear First, it

impliesthatall pathsremainmonotonic.exceptthe pathsextended
from v to w, which will be fixed by numericalmethodsto be ex-

plainedin Section5. Secondwe donotloseary level setsandonly

simplify thelevel setsbetweenf (u) and f (v) by meming thecom-
ponentaroundv into the componensurroundingw. We may think

of acancellatiorasdeletingthetwo descendingathsof « andcon-
tractingthe two ascendingpathsof u. Alternatively, we maythink

of it asgluing the diagonalsn pairs,thuszipping up the diamond
centeredatthe saddleto aline, asillustratedin Figure7.

Node removal Webuild themulti-resolutiondatastructurefrom
bottomto top. Thebottomlayerstoreshe MS comple of thefunc-
tion f, orratherthecorrespondinglecompositiorf the2-manifold
into diamondsFigure6(b)illustratesthislayerby shawing eachdi-
amondasa nodewith arcsconnectingt to neighboringdiamonds.

Eachnodehasdegreefour, but therecanbe loops startingand
endingat the samenode. A cancellationcorrespondso removing
a nodeandre-connectingts neighbors.Whenthis nodeis shared
by four differentarcswe canconnectheneighborsn two different
ways. As illustratedin Figure7, this correspondso the two differ-
entcancellationsneging the saddlewith thetwo adjacentmaxima
or the two adjacentminima. Thereis only oneway to remove a
nodesharedy aloop andtwo otherarcs,namelyto deletetheloop
andconnecthetwo neighbors.

(b)
Figure6: (a) The (dotted)portion of a Morse-Smalecomplex and
the (solid) portion of the correspondingdecompositioninto dia-
monds.(b) The(solid) portionof thedatastructurerepresentinghe
(dotted)pieceof the decompositiorinto diamonds.(c) The (solid)
cancellatiordagof the (dotted)decompositionnto diamonds.

e

(A) (B)

Figure7: A four-sideddiamond(a) canbe zippedup in two ways:
from top to bottom(b) or from left to right (c). A three-sidedlia-
mond(A) canbe zippedupin only oneway (B).

Hierarchy As mentionedearliet we build a hierarchyfrom the
MS comple by repeatedlycancelingpairs of critical points. For
example,we may usethe algorithmin [Edelsbrunneet al. 2002]
to pairupthecritical pointsas(s1, v1), (s2, v2), - - ., (S&, Uk ), with

persistencéncreasingrom left toright. Let Q; betheMS complex

obtainedafterthefirst j cancellationsfor 0 < j < k. WegetQ;+1

by modifying @; andleaving enoughinformationbehindsowe can
recover Q; from Q;41. Thehierarchyis completewhenwe reach
Qk-

Call each@; a layer in the hierarchyand represenit by ac-
tivating its diamondsaswell asneighborand vertex pointersand
de-actvating all otherdiamondsandpointers.To ascendn the hi-
erarchy(coarserthe quadrangulationyve de-actvate the diamond
of s;4+1 andto descendn thehierarchy(refinethequadrangulation)
we activatethe diamondof s; 1. Both activatingandde-actvating
adiamondconsistof updatinga constannumberof pointers.

Independent cancellations  We generalizethe notion of a
layerin the hierarchyto permitview-dependensimplificationsof
the data. The key concepthereis the interchangeabilityf cancel-
lations. We will seeshortlythatthe mostseverelimitation to inter-
changingcancellationslerivesfrom the assignmenbf extremaas
verticesof the diamondsandfrom re-draving the pathsendingat
theseextrema.To understandhis limitation, we introducethe can-
cellation dag (directedagyclic graph)whoseverticesarethe min-
imaandmaxima.Figure6(c) shavs anexampleof suchadag.For
eachdiamondthereis a directededge(a di-edge)from the higher
to the lower minimum and anotherdi-edgefrom the lower to the
highermaximum.We have no loopsandthereforesometimeonly
onedi-edgein adiamond.Thedi-edgesconnectinghe maximain-



creasdn height,andsimilarly the di-edgesconnectinghe minima
decreasén height. It follows that the cancellationdagis indeed
agyclic. Zipping up a diamondcorrespondgo contractingone of

its di-edgesanddeletingthe other if ary. The end-pointof the di-

edgeremainsasa vertex andthe start-pointdisappearslt follows

thatthe diamondghat sharethe start-pointnow receve a new ver-

tex. A specialcaseariseswhena diamondsharesoth, start-and
end-point.The connectingdi-edgewould thenturninto aloop and
is thereforedeleted We now comebackto our original objectie of

exploring view-dependensimplifications. Two cancellationgn a
(possiblyalreadysimplified) MS complex areindependent if there
is no differencebetweenthe datastructuregeneratecy the two

orderingsof the operations.Otherwise,the two cancellationsare
dependent. For examplethetwo cancellationzippingup the same
diamondaredependensinceone pre-emptghe other In general,
two cancellationsare dependentf their diamondssharea vertex.

We choosethis definition of dependencbecausef the pathsthat
needto be re-dravn wheneer we zip up a diamond. The reason
we areinterestedn independentancellationshouldbe obvious:

they offer somefreedomin how we choosea layerin the hierar

chy andthuspermitthe adaptatiorof therepresentatioto external
constraintssuchasthe biasedview of the data.

Balance The more independentancellationswe can find the
morefreedomwe have in generatingayersin the multi-resolution
datastructure.ldeally, we identify a largeindependensetandit-
erateto constructa shallav hierarchy In theworstcase gvery pair
of cancellationss dependentwhich contradictshe existenceof a
shallav hierarchy As illustratedin Figure 9(b), sucha configu-
ration exists even for the sphereand for ary arbitrary numberof
vertices. The three-sidedliamondsare necessaryor constructing
suchexamples.Specifically we canprove thatevery MS comple
without three-sidedliamondshasa large independenset of can-
cellations.

5 GEOMETRIC APPROXIMATION

After eachcancellationwe mustcreateor changethe local geom-
etry suchthatit matcheghe simplified topology Thereexist sev-
eralobjectivesfor thisgeometry:(1) Theapproximatiormustagree
with the giventopology (2) The error betweerthe simplified and
theoriginalgeometryshouldbesmall. (3) To achieve avisualpleas-
ing renderingthe approximatiorshouldbe assmoothaspossible.

Error bounds  Forthis partof thealgorithmwe useverticaldis-
tanceof the functionvaluesat verticesaserror. The persistencef
acancellatioimpliesaminimal errorbetweeroriginal andsimpli-
fiedgeometry A one-dimensionaéxampleis shavn in Figure8(a).
Thepersistence of themiddle maximum-minimunpairis defined

»
0.25%( ¥ +7N ) +0.5%|

(b)

Figure8: Geometnyfitting for 1-manifolds:(a) A one-dimensional
cancellatiorandseveralmonotoneapproximations(b) Local aver-
agingschemeausedto smooth.The slopesof the neighboringedges
are combinedwith the original slope,andthe function valuesare
adjustedaccordingly (For betterunderstandinghe edge‘normals”
areshavn.)

by their differencein function value. Ignoring specialcasesit is
easyto seethat ary monotoneapproximationhasan error of at
leastp/2. The approximationwith minimal changeto the origi-
nalfunctionvaluesis shavn in redin Figure8(a). However, theflat
section andthefactthatthis approximatioris only C° continuous,
will producevisually unpleasingesults. A smootherapproxima-
tion within the sameerror boundis shawvn in blue. Nevertheless,
withoutrelaxingthe errorfurtheraflat sgmentcannotbe avoided.
Oncealargererrorboundthanp/2 is usedeven smootherpproxi-
mationsarepossibleasshavn in green.lt is importantto notethat
one canalwaysdirectly constructan approximatiorwith minimal
error. In thetwo dimensionakasethe sameerror boundshold but
the approximatiorwith minimal changego the function valuesis
only C~1! continuous.

Data fitting  Sinceit is guaranteedhat beyond a certainerrora
monotonesolutionexiststo “fill in” the interior geometryof each
quadrilateralthe goalis to find an“optimal” approximationbased
on somequality measure) A large body of literatureexists on the
subjectof constrainedsmoothingsplines[Greiner 1991; Carlson
andFritsch1985]. Thegeneraproblemis to constructhesmoothes
interpolantto a setof input datawhile observingsomeshapecon-
straints(e.g., convexity, monotonicity and boundaryconditions).
However, most publishedwork usesweightederrorsratherthan
absoluteerror bounds. Additionally, the techniquesare typically
describedor tensorproductsetting,andthe definitionsof mono-
tonicity for the bivariatecasevary anddiffer from the onewe use.
To adaptthesetechniquedgo fit geometryto giventopologywill be
the subjectof futurework.

We usea multi-stageiterative approactto fit geometry It pro-
videsa smoothC'-continuousapproximatiorwithin a given error
boundalong paths. In the interior of regionswe usea Laplacian
smoothing[Taubin 1995] with boundaryconstraintswhich is not
guaranteedb obsenre theerrorbound.Thesolutionfor the pathsis
alsobasedon iterative smoothing.Ratherthanaveragingfunction
valuesdirectly, we averagegradients An exampleis shavn in Fig-
ure8(b). We considerasingleedgealonga path: First,we compute
the gradientalongthe pathfor both neighboringedges.We com-
puteatametgradientby averagingthe gradientof the currentedge
with the gradientsof the neighboringedges.Secondwe adjustthe
function valuesat both end pointssuchthat the resultingedgehas
thetargetgradient.

Duringthesemodificationswve constrairtheverticesto lie within
the errorboundandthe completepathto be monotone.Addition-
ally, the gradientat critical pointsis setto zero. The constraintsare
includedsuchthatinitial configurationsnot subjectto thesecon-
straintsare guaranteedo obsere the constraintsafter a suficient
numberof iterations. Two examplesof this techniqueare shavn
in Figure9. The procedureperformswell in practice,eventhough
it corvergesslowly. The interiors of regions are smoothedusing
standard_aplaciansmoothing[Taubin 1995] appliedto the func-
tion values. At eachiteration,the functionvalueat a vertex is re-
placedby the averagebetweerits old valuesandthe averageof all
its neighbors.Sincethe boundariesare monotonethis approachs
guaranteedo corvergeto a monotonesolution.

The completeprocesscan be summarizedasfollows: Find all
pathsaffected by a cancellation;usethe one-dimensionagradi-
entsmoothingo geometricallyremove the canceledtritical points;
smooththeold regionsuntil they aremonotonegrasehepathsand
re-computenew pathsusingthenen geometry;asnew pathsmight
violate the error bound use one-dimensionagradientsmoothing
againto force the new pathsto comply with the constraints;and,
finally, smooththe new regionsuntil all pointsareregular
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Figure9: (a) A MS comple on the spherewith k£ diamondsandk
pairwisedependentancellations(b) Constrainedne-dimensional
smoothing:Shown in blue areconstrainton endpoint derivatives
and error bounds. (left) Initial configuration;(right) limit curve
subjectto blue constraint@andmonotonicityrequirements.

6 REMESHING

We mustremesheachquadrangleand createa consistentcrack-
free) triangulationacrossneighboringguadrangles Startingfrom
triangulatedfour-side regions with polygonsas boundarycurves,
we createa regular triangulationthat approximateshe original
function valueswithin a userdefinederror bound. The goalis to
createatriangulatiorwhoseconnectyity is thatof auniformly sub-
divided squareobtainedvia applicationof repeatedongest-edge
bisection.

Parametrization  The initial stage of remeshing creates a
parametrizatiorior eachquadrangle We areusingmeanvalueco-
ordinatesasproposedy Floater[2003] to parametrizeeachquad-
rangle over the unit square. Eachvertex in K is expressedasa
corvex sumof its neighbors.The necessaryveightscanbe com-
putedby solvingasparsdinearsystem.We mapthefour boundary
curveshy arc-lengthto the four edgesof the unit square.Givena
parametrizatiofior theboundarythecornvex combinationsiniquely
definea parametrizatiorfor the completequadrangle.

Next, we samplethe parameteispaceon a uniform grid using
2" + 1 sample®n eachboundarycure. We createa nev meshfor
eachquadrangléby mappingthe sampleshackto physicalspace.
The grid resolutionis definedby somegiven error bound. Paths
follow locally themaximalgradientdirection. Thereforewe define
theerrorontheboundaryalone.We sampleeachboundaryuntil the
error bound(Hausdorf-distance)is met and choosethe grid reso-
lution to agreewith the maximumof the four boundarypolygons
resolutions.

Avoiding cracks To avoid additionaldependenciethe render
ing of eachquadranglenustbe independenbf the neighborquad-
rangles.The globaltriangulationis crack-freewheneachpolygon
boundingaquadrangléeachpathof thecomple) is rendereadwith-
outcracks.Therearetwo potentialsourceof cracksbetweerguad-
rangles.

Neighboringquadranglegould be sampledat differentresolu-
tions. Therefore two neighborquadranglesnight renderthe same
polygonalboundaryusinga differentnumberof samplesgreating
t-junctionsin the triangulation. We addresghis problemby first
samplingall pathsuntil they meetthe errorbound.We forceall ad-
ditional samplego lie onthelinearinterpolationof its neighboring
samples.This approachensureghat existing t-junctionscreateno
visible physicalcracks.

The secondsourceof potential cracksare junctions. As de-
scribedin Section3, quadranglesanbe geometricallypartially de-
generateasa resultof allowing pathsto sharecommonedges.By
constructiongachjunctionis a cornerof the geometricatepresen-
tation of atleastonequadrangleEachcorneris renderedndepen-
dently of anadaptve renderingschemgaslong asthe quadrangle

is visible). Hence,eachjunction mustalways be rendered. This
factresultsin two properties:(1) Eachjunction mustbe a sample
pointof thegrid, and(2) whendefiningscreerspacesrrorswe must
ensurethatjunctionsarealwaysrendered.Thefirst problemis ad-
dressedy modifying the parametrizatioralong polygons. Rather
thansamplinga completepathusingits arc-lengthparametrization,
we only considersegmentshetweerjunctionsand/orcritical points.
Eachsegmentis sampledusinga standardisectionprocedurefirst
addinga sampleat arc-lengthvalue 0.5, thentwo samplesat 0.25
and0.75, etc., until the error boundis met. Eachboundarycurve
consistof oneor moresuchsggments.A boundarycurve mustbe
sampledusing2™ + 1 samplesandthe samplingof the segments
mustbeobsered.

Data layout and rendering Ratherthan storing a triangula-
tion for eachquadranglexplicitly, we useregular grids. This ap-
proachallows us to usethe methodsdescribedn [Linstrom and
Pascucci2002] for renderingpurposes. By storing eachgrid in
two interleavred embeddedjuadtreesve avoid having to storeary
connectity information,while maintaininghigh flexibility during
rendering.As describedy LindstromandPascucciLinstrom and
Pascucci2002],this framevork canbe extendedeasilyto adaptve,
view-dependentenderingaswell asefficient view frustumculling
andgeomorphing.One disadwantageof this datalayoutis a 33%
memoryoverhead. Additionally, we wastememoryby represent-
ing partial boundaryquadranglessgeneralquadranglesAnother
importantaspecis the definition of local error coeficients. As we
areworking with mary smallergrids, ratherthana singlehigh res-
olution one, we must ensureconsisteng acrossboundaries. We
ensurethat sampleson grid boundariesare shared.This approach
alsoguaranteeshat their respectie errortermsagree. Therefore,
asamplealonga pathis eitherrenderedrom both adjoiningquad-
ranglesor neitherone. Concerningthe renderingof junctions,we
settheir errortermsto infinity. (For a moredetaileddiscussiornf
the different error terms possibleand their computationwe refer
to [Linstrom andPascucci2002].)

7 RESULTS

We testedour algorithmon the PugetSoundterraindatasetat res-
olution 1025-by-1025and elevation valuesrepresenteavith two-
byte unsignedintegers. We also usedthe temperaturdield of a
comlustion processsimulatedat resolution512-by-512with tem-
peraturevaluesrepresentedly single-byteunsignedntegervalues.
All thetestswereperformedonal.8GHzPentiumé Linux PCwith
1Gbof mainmemory

A straight-forvard applicationof our algorithmis the removal
of topologicalnoisewithout smoothingthe data. This functional-
ity is notdependenbn the hierarchysincecanbeimplementecy
purerepeatedancellatiorof the critical pointswith lowestpersis-
tence. This noiseremoval stageshouldalwaysbe applied,even if
the persistenceéhresholds setto zero,to remove at leastthetopol-
ogy introducedby the symbolicperturbation.Thetop of Figure10
shaws the effect of this procedure.The original MS complex (on
the left) with 2859critical pointsis comparedvith an approxima-
tion (on the right) whereall topologicalfeatureswith persistence
belov 0.1% of the temperatureangewere remosed. Whenit is
not necessaryo modify the functionvalues(fit the geometry)this
operationcanbe performedn aboutonesecond.

Severalresolutionsof the PugetSounddatasetareshavn at the
middle-bottomof Figure 10. After removal of all topology with
persistenceébelov 0.5% of the maximum elevation the approxi-
mation hasonly 4045 critical points of the 49185in the original
topology (too denseto be shavn). Thesepoints determinethe
highest-resolutioMS comple (middle-left). The middle-rightfig-



RMS error and num. triangles for approximations with guaranteed geometric error and persistence

Combustion persistence (absolute function value) / number of critical points

Process ] 0.00100 / 446 0.01000 / 343 0.05000 / 263 0.50000 / 156 /
5 2 _0.010]0.00173 / 71126 ] 0.00209 / 72346 | 0.00247 / 69592 0.02058 / 56881 /
2 % 0.020] 0.00228 / 38962 ] 0.00260 / 39869 ]| 0.00297 / 38578 | 0.02067 / 31802
g = 0.050] 0.00495 / 17023 | 0.00497 / 17245 ] 0.00533 / 16619 0.02122 / 13711
Puget Sound Persistence (absolute function value) / Number of Critical Points

- 0.00125 / 4045 0.0025 / 2408 ] 0.00500 / 1408 0.0100 / 677 0.02000 / 364
5 z_0.005] 0.00102 / 81809 | 0.00125 / 79298 | 0.00159 / 77503 | 0.0022 / 71924 ] 0.00294 / 73099
z % 0.010] 0.00122 / 53494 1 0.00145 / 49680 ] 0.00177 / 46680 | 0.0023 / 41881 | 0.00303 / 43574
= % 0.030f 0.00152 / 41288 ] 0.00172 / 36558 | 0.00203 / 31810 ] 0.0026 / 24378 | 0.00326 / 23862

Tablel: Approximationerrorsandnumberof facesusedfor differentpersistencandgeometricerrorbounds.

ure shaws an approximationwith 2025 critical pointsand a uni-
form persistencef about1.2%. The bottom-leftshavs the coars-
estMS comple at50%persistencevith 289critical points.Onthe
bottom-rightis a view-dependenadaptve refinemenbasedon the
purpleview frustum,whichyield anapproximatiorwith 1070criti-

calpoints. Thefull-resolutiontopologyis preseredinsidethefrus-
tum, while outsideonly the minimal dependentopologyis main-
tained.Notehow thetopologycandropquickly from thehighestto
thelowestresolutionwhile maintaininga consistentnesh.

The pre-processingf the Puget Sound data set took about
three and a half hours, mainly due to the slow corvergenceof
the geometricfitting procedures. The traversal of the hierar
chy as well as renderingare fully interactve (seeanimationat
http://graphics.cs.ucds.edu/ptb/MorseCompleResults).

Tablel shavs the measuredRMS errorsbetweerthe geometric
approximatiorat severallevels of resolutioncomparedo the orig-
inal datasets. The error measurehave beengeneratedvith the
Metro tool [Cignoni et al. 1998] with disabledvertex samplingas
thet-junctionsin our mesheseemedo causenumericalproblems.
Approximationsfor severalpersistencéoundsarecomparedo the
original dataand, for the samepersistencewith several adaptve
meshes.The error usedfor the meshingprocedures vertical dis-
tanceatthevertices.

8 CONCLUSIONS

We have describeda new topology-basednulti-resolutionhierar
chical datastructurefor functionsover 2-manifoldsand demon-
stratedits usefor two-dimensionalheight fields. The hierarchy
allows oneto extract geometryadaptvely for a given topological
error. Due to its robustnessin the presenceof topological noise
andwell definedsimplificationprocedurest is appealingor appli-
cationsusingtopologicalanalysisfor example,datasegmentation
andfeaturedetectionandtracking. Futurework will be concerned
with fitting the completegeometrywithin a given errorboundand
the extensionto volumetricdatasets.
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